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SZLENK INDICES OF CONVEX HULLS 


G. LANCIEN*, A. PROCHAZKA^, AND M. RAJA* 


Abstract. We study the general measures of non-compactness defined on subsets of 
a dual Banach space, their associated derivations and their w-iterates. We introduce 
the notions of convexifiable and sublinear measure of non-compactness and investigate 
the properties of its associated fragment and slice derivations. We apply our results 
to the Kuratowski measure of non-compactness and to the study of the Szlenk index 
of a Banach space. As a consequence, we obtain that the Szlenk index and the 
convex Szlenk index of a separable Banach space are always equal. We also give, for 
any countable ordinal a, a characterization of the Banach spaces with Szlenk index 
bounded by in terms of the existence of an equivalent renorming. This extends 

a result by Knaust, Odell and Schlumprecht on Banach spaces with Szlenk index 
equal to uj. 


1. Introduction 

In this paper we deal with the Szlenk and the convex Szlenk index of Banach spaces. 
Let us first recall their definitions. Let X be a Banach space, K a weak*-compact 
subset of its dual X* and e > 0. Then we define 

s'^{K) = {x* G K, for any weak* — neighborhood U of x*, diam(iL fl C/) > e} 

and inductively the sets s^{K) for a ordinal as follows: = s^s“(iL)) and 

s^{K) = n/ 3 <a if ct is a limit ordinal. 

Then Sz{K, e) = inf{a, s^{K) = 0} if it exists and we denote Sz{K, e) = oo otherwise. 
Next we define Sz{K) = sup^^Q Sz{K,e). The closed unit ball of X* is denoted Bx* 
and the Szlenk index of X is Sz{X) = Sz{Bx*)- 

Let us also denote := K, A^~^^ is the weak*-closed convex hull of and 

T" := n/3<o^£ if a is a limit ordinal. Now we set Cz{K,e) = inf{Q:, X" = 0} if it 
exists and Cz{K,£) = oo otherwise. Then Cz{K) = s\xp^yQCz{K,£) and the convex 
Szlenk index of X is Cz{X) = Cz{Bx*)- 

The Szlenk index was first introduced by W. Szlenk [TH], in a slightly different form, 
in order to prove that there is no separable reflexive Banach space universal for the class 
of all separable reflexive Banach spaces. Another striking fact is that the isomorphic 
classification of a separable C{K) space is perfectly determined by the value of its Szlenk 
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index. This is a consequence of some classical work by C. Bessaga and A. Pelczyhski 
[2], D.E. Alspach and Y. Benyamini [I], C. Samuel [B] and A.A. Milutin m (see also 
m for a survey on C'(A)-spaces). 

One of the goals of this paper is to obtain a general renorming result for Banach 
spaces with a prescribed Szlenk index in the spirit of the following important theorem 
due to Knaust, Odell and Schlumprecht [8]: if A is a separable Banach space and 
Sz{X) < to, where u is the first infinite ordinal, then X admits an equivalent norm 
whose dual norm is such that for any e > 0, there exists 5 > 0 satisfying C 

(1 — d)B, where B is the closed unit ball of this equivalent dual norm. Such a norm is 
said to be weak*-uniformly Kadets-Klee. This has been quantitatively improved in [1| 
and extended to the non-separable case in HU. We will prove a similar result for other 
values of the Szlenk index. More precisely, we show (Theorem 16.3p that a separable 
Banach space X satisfies Sz{X) < with a countable if and only if X admits an 

equivalent norm whose dual norm is such that for any e > 0, there exists <5 > 0 satisfying 
Sg {B) C {1 — 5)B, where B is the closed unit ball of this equivalent dual norm. We say 
that such a norm is a;“-UKK*. It is worth recalling that Sz{X) is always of the form 
cu" (see Lemma [Q for a slightly more general statement, m for the original idea, or 
HI] ). Let us also mention that C. Samuel proved in [16] that S'2:(C'o([0, 
whenever a is a countable ordinal. A different proof of this computation is given in [5] 
by showing that the natural norm of C'o([0,w‘*' )) is w“-UKK*. 

One of the inconveniences of the Szlenk derivation is that it does not preserve con¬ 
vexity. This explains why it is difficult to obtain renorming results related to this 
derivation. In contrast, a derivation based on peeling off slices (i.e. intersections with 
half spaces) preserves the convexity and allows to use distance functions to the derived 
sets in order to build a good equivalent norm (see |9] for instance). 

In order to overcome this difficulty, we will study the fragment and slice derivations 
associated with general measures of non-compactness as they were introduced in m- 
In section [2l we recall these definitions and also introduce the w-iterated measure 
r]‘^ associated with a measure of non-compactness rj. In section [S] we introduce the 
notions of convexifiable and homogeneous measure of non-compactness. Then we prove 
a crucial result (Proposition l.l.dh on the properties of the slice derivation associated 
with a general convexifiable measure of non-compactness. In section |4] we explore 
the notion of sublinear measure of non-compactness and obtain a sharp comparison 
between the slice and fragment derivations for certain convexifiable sublinear measures 
of non-compactness. Section [5] is devoted to the applications of our general results to 
the Kuratowski measure of non-compactness, denoted a. This measure is of special 
interest to us, as its fragment derivation is exactly the Szlenk derivation. The main 
result of this section is Theorem 15.91 which asserts that for any n G N, the iterate cr'*’ 
of a is convexifiable. It is then a key ingredient for proving that Cz{K) = Sz{K) 
for any weak*-compact subset K of the dual of a separable Banach space such that 
Sz{K) < cj"’, for some integer n fCorollarv IS.lip . This together with some earlier work 
by P. Hajek and T. Schlumprecht |7j implies that for any separable Banach space A, 
Cz(X) = Sz(X). Finally, with all these ingredients, we state and prove our renorming 
result in section [6l 
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2. Measures of non-compactness and associated derivations 

Definition 2.1. Let X be a Banach space. We call measure of non-compactness on 
X*, any map rj defined on the weak*-compact subsets of X* with values in [0, oo) and 
satisfying the following properties: 

(i) r]{{x*}) = 0 for any x* G X*. 

(ii) If Ai,An are weak*-compact subsets of X*, then r/(|jr=i ~ max, rj{Ai). 
(hi) There exists 6 > 0 such that for any weak*-compact subset A of X* and any 

A > 0 , r}{A + XBx*) < i?(X) + Xb. 

Remark 2.2. Note that (ii) implies that a measure of non-compactness r] on X* is 
monotone in the following sense: r](A) < r]{B), whenever A <Z B are weak*-compact 
subsets of X*. 

Note also that if r/ is a measure of non-compactness on X*, then r][A) = 0, for any 
norm-compact subset A of X*. 

Example 2.3. Let A be a weak*-compact subset of X*. We call Kuratowski measure 
of non-compactness of A and denote cr{A), the infimum of all e > 0 such that A can 
be covered by a finite family of closed balls of diameter equal to e. 

Conditions (i), (ii) and (iii) are clearly satisfied. Note that (iii) is satisfied with 6 = 1 . 

Following m, we now define two set operations associated with a given measure of 
non-compactness r]. Let us agree that if E is a subset of a dual Banach space X, then 
E denotes the weak*-closure of E. 

We start with the fragment derivation. Given e > 0 and A a weak*-compact subset 
of X*, we set 

[r]]'^{A) = {x* G A, for any weak* — neighborhood U of x*, t]{A n U*) > e}. 

For any ordinal 7 , the sets [r]]2{A) are defined by [ 7 ]J^^( 74 ) = [r/Y^Hi]]! (A)) and 
[njliA) = Clis^.yi'njs (A) if 7 is a limit ordinal. 

Similarly we define the slice derivation by 

{r])'^{A) = {x* G A, for any weak* — open halfspace H containing x*, ri{AriH ^)>4- 

Then, for an ordinal 7 , the set {r])2{A) is defined in an obvious way as before. Note 
that we clearly have that [rj\2{A) C {r])2{A). 

We begin with a very basic property of the fragment derivation associated with a 
measure of non-compactness. 

Lemma 2.4. Let X be a Banach space and 7 a measure of non-compactness on X* 
and let A be a weak*-compact subset of X*. Then for any B weak* -closed subset of A 
and any e > 0 such that B n [ 7 ]£(j 4 ) = 0, we have that r]{B) < e. 

Proof. For any x* in B there exists a weak*-neighborhood Ux* of x* so that ri{A n 
Ux**) < £. Then, since B is included in A and weak*-compact, there exist xj, ..,x* in 
B such that B C Ufc=i(^ C Ux**). 

The conclusion now follows from property (ii) of Definition 12.11 □ 
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We now define the iterates of a measure of non-compactness. 

Definition 2.5. Let X be a Banach space and r] a measure of non-compactness on 
X*. The cj-iterated measure of rj is defined by 

ry-(^)=inf{e> 0 :[C(^)= Sl¬ 
it will also be convenient to define 77 ^ = 7 /'^° := r/ and then inductively := 

Lemma 2.6. If rj is a measure of non-compactness on X*, then is a measure of 
non-compactness on X*. 

Proof. Condition (i) of the definition is clearly satisfied by 77 “. 

The condition (ii) for 77 yields that [77]£(|jr=i ~ Ur=iNe(^*) whenever Ai, ..,An are 

weak*-compact subsets of X*. After iterating, this implies that 77 ^^ satisfies condition 
(ii) of the definition. 

Property (iii) comes from the following observation. Let 6 > 0 be the constant given 
by condition (iii) for 77 . Then for any weak*-compact subset A of X* and any A > 0, 

(2.1) [r]]'^_^_^fJ{A + XBx*) C [7/]|(A) -|- XBx*. 

Indeed, take any 

X* ^ A -\- XBx* \ ([77](.(A) -|- XBx*). 

Then, there exists a weak*-neighborhood U of x* such that U* is disjoint from [r]]'^{A) + 
XBx*. Then consider V = l/*-l-XBx*. It is clear that B is a weak*-closed neighborhood 
of X* such that V is disjoint from \rf\'^{A). Then it follows from Lemma 12.41 that 
piy n A) < e. By the definition of V we also have 

U*n(A-h XBx*) c (1/ n A) + XBx*. 

This yields the estimate r]{U* n (A -|- XBx*)) < £ -I Xb. Therefore x* does not belong 
to [r?](.^;^^(A -|- XBx*), which finishes the proof of () 2 .ip . 

Finally, this implies by iteration that [ 77 ]^^_;^^(A -|- XBx*) = 0 whenever [ 77 ]^ (A) = 0, 
which yields property (iii) for 77 “^, with the same constant b as for 77 . 

□ 


We will need the following elementary lemma. 

Lemma 2.7. Let X be a Banach space, 77 a measure of non-compactness on X* and 
let s' > £ > 0. Then, for any weak*-compact subset A of X* we have 

\n%'{A) c M^A) c [ 77 -]^^). 

Also, for any n &N, we have 

[ 77 -"]',(A) C [77]f (A) C n'(A). 

Proof. If X* G A \ [ 77 “]' (A) then there is a weak*-neighborhood U of x* such that 
r]‘^{A n U*) < £ and therefore [ 77 ]^ (A n U*) = 0. This implies that x* ^ [pjf^A). 

On the other hand, if x* € A \ [77]^(A) then there is 77 G N such that x* 0 [77]”(A). 
If 1/ is a weak*-neighborhood of x* such that U* fl [77]”(A) = 0, then [ 77 ]” (A n U*) = 0 
and so r]‘^{A n U*) < £ < s' and x* € A \ [77“](,,(A). 
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Let US assume now that it has been proved that for some re G N, (^) C " (^) 

for all e' > e and all weak*-compact A. Since 77 “" is a measure of non-compactness, 
we infer from the first statement of Lemma EZl and this inductive hypothesis that 
C [77-1-4^) = C n“=i[4f ■"*(^) = for all 

e' > e" > £ and any weak*-compact subset A of X. 

Finally, when [ 77 ]^ (A) C [r 7 ‘^ ]4^) every weak*-compact A has been proved 

= 

□ 


for re G N, we easily get that [r]\f*\A) = C r\m=i[v‘^H 


[v‘^"]ei^) ^ every weak*-compact A. 

We end this section with a lemma describing the link between the slice derivation 
and the fragment derivation. 


Lemma 2.8. Let X he a Banaeh space, 77 a measure of non-eompaetness on X* and 
e > 0. Then, for any convex and wealA-compact subset K of X*, we have that 

=conv*[r7]4iL). 

Proof. Since {ri)'(K) is convex, weak*-closed and contains \rj\'(K), it is clear that 
cbnv*[77]4/L) C {r])',{K). 

Consider now x* G K\conv*[r]]',,{K). It follows from the Hahn-Banach theorem that we 
can find a weak*-open half space H containing x* and so that H* n conv*^]^.?^!) = 0- 
Let 5 = iL n H*. By Lemma [2.4l we have that 77 ( 5 ) < e. Therefore x* does not belong 
to {ri)'^[K), which concludes the proof of this lemma. □ 


3. CONVEXIFIABLE AND HOMOGENEOUS MEASURES OF NON-COMPACTNESS 

Definition 3.1. Let X be a Banach space. We say that a measure of non-compactness 
77 on X* is eonvexifiable if there exists re > 1 such that for any weak*-compact subset 
A of X*, we have that r 7 (conv*(X)) < Kr]{A). The infimum of the set of all constants re 
satisfying the above property (which also belongs to this set) is called the convexifiability 
constant of 77 . 

Definition 3.2. Let X be a Banach space. A measure of non-compactness 77 on X* 
is homogeneous if for any weak*-compact subset A of X* and any A in M, we have 
77 (AA) = |A| 77 (A). 

The following lemma is straightforward. 

Lemma 3.3. Let X be a Banach space and B a weaP-compact subset of X*. Assume 
that r] is a homogeneous measure of non-compactness on X*. Then for any e > 0 and 
any A in (0,-|-oo), we have 

= X[v]'e{B) and {r])\^{XB) = X{T]y^{B). 

The following proposition is crucial. 

Proposition 3.4. Let X be a Banach space and 77 a homogeneous and eonvexifiable 
measure of non-compactness on X* with convexifiability constant re. Assume that A is 
a weak*-eompaet subset of X* such that [rj\'^[A) C AA for some X G (0,1) and e > 0. 
Then 


Ve'>e (77)4,(conv*(A)) = 0. 
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Proof. Let e' > e, fix C S (A, 1) and take some ^ € (C, 1) whose precise value will be 
fixed later. Let us write B := conv*(j4). The key step of the proof will be to show 
that C f,B for ^ close enough to 1. In order to do so we need to estimate the 

r/-measure of weak*-slices of B which are disjoint from f^B. Once we observe that each 
such slice S lies in a small neighborhood of the weak*-closed convex hull D oi a well 
chosen r/-small slice K of A, we will be in a position to apply the property (hi) and the 
convexifiability of t]. 

Le us be more precise. Fix x € X such that sup^-tg^ x*(x) = 1 and consider the 
weak*-closed half space H = {x* G X*, x*(x) > We denote S = H n B. 

Let now D = conv*{K) where K = {x* € A : x*(x) > C}- Since K n [r]]'^{A) = 0, it 
follows from the weak*-compactness of K and Lemma 12.41 that 'r]{K) < e. Since 77 is 
convexifiable, we have rj^D) < ne. 

Note that B = conv*((^ 0 {x < C}) A {An {x > C})) C conv(Q U D), where Q = 
{a; < C} O B. In particular, any point x* G S can be written x* = tx^ + (1 — t)x 2 with 
xl G D, X 2 G Q and t G [0,1]. If x*{x) > an elementary computation shows that 
t>t^ = {^-C){i-C)-\ 

Since B is bounded, there is /3 > 0 such that B C l3Bx*. Then we choose ^ G (C, 1) 
such that 

26(1 — t^)/3 < K{e' — e), 

where 6 > 0 is the constant given by the property (iii) of the measure of non-compactness 
r/. Note that depends only on A, b, 13, k and e' — e. 

We have shown that S C [t^, 1]D -|- [0,1 — t^]Q. Note that [t^, 1]D C D + /3(1 — t^)Bx* ■ 
Therefore, S (Z D + 2/3(1 — t^)Bx*. We deduce that r}{S) < r]{D) + K{e' — e) < ke'. 
We have proved that under the assumptions of Proposition 13.41 the following holds: 
there exists ^ < 1 such that {rf)'^^,{B) C {x* G B, x*(x) < whenever sup^ x = 1. 
Therefore, using the Hahn-Banach theorem for the weak* topology, we deduce that 
{rjy^^,{B)c^B. 

Finally, we combine an iteration of this argument with Lemma 13.31 to get that for any 
n G N, {ri)'f^,{B) C ff^B. Therefore, for n G N large enough, {r]){^^,{B) C j3~^b~^KeB C 
b~^ keBx* ■ It follows that ^ finally that {irj)y^y{B) = 0. □ 

4. SUBLINEAR MEASURES OF NON-COMPACTNESS. 

Property {iii) in Definition 12.11 provides a control of the increase of the measure of a 
set after adding a ball to it. Actually the Kuratowski measure of non-compactness and 
its w-iterates have an even better behavior for general sums of sets. We shall introduce 
a definition. 

Definition 4.1. Let A be a Banach space. A measure of non-compactness rj on X* is 
subadditive if for all weak*-compact subsets A and B of X*, rj{A + B) < r]{A) + r]{B). 
The measure of non-compactness rj on X* is sublinear if it is homogeneous and subad¬ 
ditive. 

Remark 4.2. Note that property (i) of Definition 1 2.1 1 implies that a sublinear measure 
of non-compactness is translation invariant and that the sublinearity implies property 
(iii) in Definition 12.11 with b = r]{Bx*). 
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Example 4.3. It is easily checked that the Kuratowski measure cr on a dual Banach 
space X* is sublinear. 

In order to show that the cu-iterates of a are sublinear as well, we will prove first a 
few elementary facts. Consider two dual Banach spaces and and measures of 
non-compactness rji and r ]2 in each of them. The product x is a dual Banach 
space endowed with the supremnm norm. Consider the set fnnction rji x r ]2 defined on 
Xt X X| by 

n 

{riixr] 2 ){A) = inf{e > 0, ^ C AjxAf with rjj(Aj) < e; for all j G {1,2} andi < n}. 

i=l 

Since rji and r ]2 are measures of non-compactness, it follows from property (ii) in 
Definition 12.II that we actually have 

{rji X r] 2 ){A) = infje >0, ^ C x with r]j{A^) < e for j = 1, 2}. 

Lemma 4.4. The function rji x r ]2 defined above is a measure of non-eompaetness 
defined on X^ x X 2 and the following properties are satisfied: 

(1) [r/i X p2UA^ X T2) c (iviUA^) x A^) U x [v2UA^)). 

(2) If [??i]£ = 0 and [ 772 ]^ = 0, then [pi x r]2]e{A^ x A^) = 0. 

Proof. It is elementary to check the properties from Definition 12.11 as well as the first 
statement. The second one follows by iteration of the previous set inclusion. □ 

Lemma 4.5. Let T : X} —)■ X| be a weak!-continuous linear operator. Suppose that 
there exists A > 0 such that rj 2 {T{A)) < XrjfiA) for any weak*- eompaet subset A of 
X{. Then, the following holds: 

(1) If Ac XI, then [m]'x,{Tm C n[nf^'fiA)). 

(2) If [mj^A) = 0, then [v 2 ]tiT{A)) = 0. 

Proof. We will only prove the first statement which clearly implies the second. So, 
let y* G T{A) \ T{[r]i]',,{A)) and fix x* G ^ such that T{x*) = y*. Since T is weak*- 
continuous, r([r 7 i]{(^)) is weak*-compact and there exists a weak*-neighborhood U 
of y* such that U* is disjoint from T{[rii]'fiA)). Thus V = T~^(U'*) is weak*-closed 
and is a weak*-neighborhood of x* disjoint from \qi\fiA). Then Lemma 12.41 insures 
that rii{A CV) < e. It follows that ri2{T{A) n U*) = ri2{T{A D V)) < Xe. Therefore, 
y* i [m]'xe {T{A)). This concludes our proof. □ 

Proposition 4.6. Let p be a sublinear measure of non-compactness defined on a dual 
Banach space X*. Then nfi is also a sublinear measure of non-compactness. 

Proof. By applying Lemma lT5] to the operator T defined by T{x*) = Ax* for x* G X*, 
we deduce immediately that 77 “ is homogeneous. 

Let now A, B C X* be weak*-compact and 61,62 > 0 such that rfi{A) < 61 and 
rfi{B) < 62 . Let A' = ef^A and B' = ef^B. Since r]‘^ is homogeneous, we have that 
[rj\f{A') = 0 and [ri\f{B') = 0. It follows from Lemma l4~4l that [77 x rj\f{A' x B') = 0. 
Consider now the operator T : X* x X* —> X* defined by T{x*,y*) = 6 ix* -|- 62 ?/*. 
Since 77 is sublinear, we may easily deduce that rj{T{C)) < (61 -|- e 2 ){rj x r]){C) for any 
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weak*-compact subset C of X* x X*. In particular, we can apply Lemma 14.51 to get 
that [??]ei+e2(^ + -B) = Nei+e2(^(^^ ^ ^')) = rf{A + B) < El+ £ 2 - Since £i 

and £2 were arbitrary, we have proved the subadditivity of rf’. □ 

As an immediate consequence we have. 

Corollary 4.7. Let X be a Banach space and denote by a the Kuratowski measure 
of non-compactness on X*. Then, for any n € N, is a sublinear measure of non¬ 
compactness on X*. 

Let us recall the notation that we use for the slice derivation 

{ri)'^{A) = {x* G A, for any weak* — open halfspace H containing x*, rj^ACiH*) > e}. 

Along the remaining part of this section we shall only deal with weak*-compact convex 
sets, since the effect of the slice derivation on convex sets produces convex sets again. 
Also, we will assume that the measure of non-compactness rj is sublinear. Thus we 
will be able to keep better constants in the formulas. 

Lemma 4.8. Let rj be a sublinear measure of non-compactness defined on a dual Ba¬ 
nach space X*. If A and C are weak*-compact and convex then 

{flYe+niC){A + C) <Z {ri)'^{A) + C 

Proof. Let x* € (A + C) \ {7])'^{A) + C. Then there exist x € X and a G M such that 
x*{x) < a and S D [{pY^Ia) TC) =0, where S = {y* G X*, y*{x) < a}. Consider now 

T={y* e X*, y*{x) <a- inf n*(x)}. 

u*£C 

Then T n {rj)'^{A) = 0 and Lemma ITTI yields that r]{T D A) < e. 

Finally, since S' fl (A + C) C (T n A) + C, we get that ri{S fl (A + C)) < e + r]{C) and 
that X* ^ concludes our proof. 

□ 

We will need a modification of the slice derivation. Given a convex weak*-compact 
set D consider 

(T/)g(A|£)) = {x* G A,yH weak*—open halfspace, x* G H, H*nD = 0 ^ r]{AnH*) > e}. 

Lemma 4.9. Let y be a sublinear measure of non-compactness defined on a dual Ba¬ 
nach space X*. Suppose that C and D are convex weak*-compact subsets of X* so that 
v{D) < 1 and r]{C) < e with e G (0,1). For 6 G (0,1), the sequence (Afc)^j^ defined 
recursively by Ai = conv*{C U D) and A^+i = conv*{{C fl (r?)(._,_ 5 (Afc|£))) U D) satisfies 

Vfe > 2 sup{/, Afc} - sup{/, D} <{1- 6/2)’^~^{sup{f, Ai} - sup{/, D}) 

for every functional f G X such that sup{/, D} < sup{/, C}. 

Proof. With small modifications, it is essentially done in [T3]. It is enough to prove the 
inequality for the first step 

sup{/, A 2 } - sup{/, L>} < (1 - (sup{/, Ai} - sup{/, D}). 
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Consider 

E = {{1- X)y* + Xz* :y* eC,z* eD,XG[^,l]} 

Note that E contains D and is weak*-closed and convex. If re* € \ i? then x* = 

(1 — X)y* + Xz* with y* ^ C, z* ^ D and A € [0, |]. Since x* —y* = X{z* — y*), we have 

Ai\E c C+ U X{D-C). 
ag[o,|] 

Using the compactness of [0, |], it follows that for every u > 0, there exists a finite 
subset E of [0, |] such that 

Ai\E c C+ IJ [X{D-C) + uBx*). 

xeF 

The set on the right hand side of the above inclusion is weak*-closed, so we deduce 
from the properties of rj that for all u > 0, 

r]{Ai \ E*) < r]{C) + 5 + ur]{Bx*) 

and therefore that ri{Ai \E ) < e + (5. 

This implies that any weak*-closed slice of Ai disjoint from E has 77 -measure less 
than e + 5. Therefore we have (7?)£_|_^(^i |d) C E and thus sup{/, yl 2 } < sup{/, i?}. 
Moreover, we have 

sup{/, E) - sup{/, D} <{l- sup{/, C} + ^ sup{/, D} - sup{/, D} 

= (1 “ sup{/, C}+{^- 1 ) sup{/, D} = {l- (sup{/, C} - sup{/, D}), 

which concludes our proof. □ 

Lemma 4.10. Let rj be a sublinear measure of non-compactness defined on a dual 
Banach space X*. For every e,S > 0, every convex weak*-compact subset A of X* and 
every weak*-open halfspace H we have 

{v)‘f(H* n Al) = 0 ^ cA\H. 

Proof. Since the measure rj is homogeneous, we may assume without loss of general¬ 
ity that rj{A) < 1. Then we can also assume that e, <5 are in (0,1), since otherwise 
(??)e+ 5 (^) = 0- In fact, we are going to prove a more precise statement. Namely, for 
every e, 5, C G (0,1) and n € N, there exists N = N{e, S, C, n) such that whenever A is 
convex weak*-compact with r]{A) < 1 and is a weak*-open halfspace we have 

(4.2) (,)?{V n .4) = 0 ^ (t)>f+i(4l) c (A \ ff) + (C/2)(A - A). 

Let B = ^{A — A), so rj{B) < 1. We shall use an inductive argument on n € N 
to prove the result. For n = 1 the result is true, even with 5 = ^ = 0. Indeed, if 
{rjYfiH n yl) = 0, the usual compactness argument implies that rj{H (1 A) < e and 
therefore that {rj)'fiA) C A\H. 

Suppose now that it is true for some n > 1 and let H he a weak*-open halfspace with 
{rj)f~^^{H* n A) = 0 and {r])f{H* n yl) / 0. Fix p € N such that (1 — 5/4)^“^ < C/4 
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(this choice only depends on 6 and (")• We will use Lemma [4.91 with C = D^d), 

D = A \ H and 6/2 instead of 6. Then, if is defined as in Lemma 14.91 we 

obtain that 

(4.3) ApC{A\H) + ^B. 

Indeed, by the Hahn-Banach Theorem, it is enough to show that 

sup{ 5 r, Ap} < suplfir, A\H} + ^ 

for every g £ X \ {0} such that sup{ 5 f, B} = 1. Suppose that it is not the case. Then 
we have supj^, Ap} > snp{g, A\H} and so sup{( 7 , C} > sup{( 7 , D}. On the other hand, 
g{D) < g{A) < 1 and {g)}{C) = 0 implies that g{C) < e. So, by Lemmafor our 
choice of p, we have 

sup{ 5 , Ap} - sup{ 5 f, 4?} < ^ (sup{ 5 . A} - supj^, A\H}) <^, 
which leads to a contradiction. 

Set first Assume 0 < k < p—1 and consider now G a weak*-open halfspace such 

that G*PtAk+i is empty. Since D C we have G*nAfcnD = 0, so G* f^A^ C H*<AA 
and thus {g)^{G*{^Ak) C C. In particular, (i/)”(G* H (r/)(,_|_^^ 2 (^A:|D)) is a subset of C. 
So 

(r/)”(G n (t/)(._,_^/ 2 (^A:|_d)) C G {^G {rf)'^^^j 2 {Ak\D) C G n A^+i = 0. 

We can now deduce from our induction hypothesis that for any ^ € (0,1) 

(i?>Lf/ 2 ''"''"’^’”’(A)c(WUi/ 2 (. 4 j|D)\ 0 ) + {B C ( 2 iaO)+{B. 

The above inclusion being true for any weak*-open halfspace such that G* fl = 0, 
it follows from the Hahn-Banach Theorem that 

Vf e ( 0 , 1 ) c At+I + (B. 

Pick now ^ € (0,1) so that 2p^ < ( and 2p^ < 6 and let m = 1 -|- (e, 6/2, n). Mixing 

the former inclusion with Lemma 14.81 gives 

{g)^+siAk + k^B) c C {g)^^^{Ak)+ k^B c -|- (fc-l-1)^B. 

Chaining these inclusions from k = 0tok = p—1 and using (j4.3j) we get that 

(C™(A) c Ap + iC/2)B c A\H + CB. 

This concludes the proof of (|4.2I) . □ 

The next proposition, which is a version of Lemma 12.71 for slice derivations, is a 
consequence of the previous results. We shall see later that it applies to the w-iterates 
of the Kuratowski measure. 

Proposition 4.11. Let g be a sublinear measure of non-compactness defined on a 
dual Banach space X*. Assume that the measure g satisfies the following additional 
property: there exists a constant 9 > 0 such that for any convex weak*-compact subset 
A of X*, [g\f{A) = 0 implies that {g)‘^fiA) = 0. 
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Then for any convex weak*-compact subset A of X*, any e > 0, any X > 9 and every 
ordinal a we have 

c {tTAA). 

Proof. It is enough to show that 

iriKsiA) C 

since the general statement follows easily by iteration. Fix 0 < <5 < e(A — 9). For any 
weak*-open halfspace H such that H* D {vi^)'^{A) = 0 we have n A) = 0 and 

so [ri\f{H* n ^) = 0. By the assumption, {ri)^^{H* n ^) = 0 and by Lemma 14.101 we 
have 

{h)UA)^{v)t+6{A)cA\H. 

Since H was arbitrary, we get that {rj)f^^{A) C {r]‘^y^(A) as we wanted. □ 

5. Application to the Kuratowski measure of non-compactness. 

In this section we will show that is convexifiable for every n > 0 and then use 
it together with the sublinearity of cj“ in order to compare the Szlenk index and the 
convex Szlenk index of a Banach space. 

First, we wish to recall some definitions. 

Definition 5.1. Let A be a Banach space, K a weak*-compact subset of X* and e > 0. 
We define Sz{K,e) = inf{Q;, [a]f{K) = 0} if it exists and Sz{K,e) = oo otherwise. 
Then Sz{K) := sup^^^g 52;(iF, e). 

Further we define Kz{K,e) = inf{a, {a)f{K) = 0} if it exists and Kz{K,e) = oo 
otherwise. We put Kz{K) := sup^^g A' 2 :(iF, e) 

Denote now 

A^ := K A^~^^ := cdnv* ([cr]£(A£ )) and A^. := Af if /3 is a limit ordinal. 

7</3 

We set Cz{K,e) = inf{/3, A^ = 0} if it exists and Cz{K,e) = oo otherwise, and 
Cz{K) := supg^g Cz{K, e). 

Finally we denote Sz{X) = Sz{Bx*) and Cz{X) = Cz{Bx*). The ordinal Sz{X) is 
called the Szlenk index of X and Cz{X) is called the convex Szlenk index of X. 

Note that for any ordinal a and all e > 0 

(5.4) [<2e{K)^sy{K)c[a]y,^{K). 

It follows that the above definitions of the Szlenk index and the convex Szlenk index 
of a Banach space actually coincide with those given in the introduction. Moreover, 
it follows from Lemma 12.81 that for any weak*-compact and convex subset K of X*, 
Cz{K) = Kz{K) and it is clear that Cz{K) = Kz{K) > Sz{K). 

Let us first state an elementary fact, well known for the case rj = a and K = Bx* 
(see m for the original idea, or [n]). 
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Lemma 5.2. Let K be a convex weak*-compact subset of a dual Banach space X* and 
let 7] be a homogeneous and translation invariant measure of non-compactness on X*. 
Then 

(i) For any e > 0 and any ordinal a, ^[r]]f{K) + C [v]f /2 {K). 

(a) For any e > 0, n G N and any ordinal a, [rf\f{K) C (K). 

(in) If Sz{K) / oo and K 7 ^ 0, then there exists an ordinal a such that Sz{K) = a;“. 

Proof, (i) Since K is convex, the statement is clearly true for a = 0. It also passes 
easily to limit ordinals. So assume that it is satisfied for some ordinal a and consider 
^ [’C/V (K). Assume, as we may, that x* belongs to ^[r]]f{K) + and thus 
by induction hypothesis to Then there exists a weak*-neighborhood U of 

X* such that ^ ^*) < ^ We (-^) v* € K so that 

2x* = u* -\- V* , we have that W = 2U — u* is a weak*-neighborhood of u* such that 
rjfW n \rj\f{K)) < e. Indeed, we have by the definition of W and the inductive 
hypothesis that ^{W n [r]]f{K)) + ^v* C C/ PI p is homogeneous and 

translation invariant. This shows that x* ^ + ^K. 

(ii) It is enough to show that [rj\f{K) C . So let x* G [rf\f{K). It follows 

from (i) that C [i ?]“/2 (AT). Since p is translation invariant we deduce that 

^x* + [ 7 ?]“ 2( C Finally we use the homogeneity of rj to get that ^x* G 

and therefore that x* G W“/ 2 (-^)- 

(iii) This is an easy consequence of property (ii) applied to the Kuratowski measure 
of non-compactness. 

□ 

We will need to use special families of trees on N. Let us hrst recall the basic notation 
and definitions about trees on N. 

We denote = (JfcLi U {0}, where 0 denotes the empty sequence. For a G 
we denote by |a| the length of a, which is dehned by |a| = 0 if a = 0 and |a| = k 
if a = (ni,..,nfc) G N^. There is a natural order < on defined as follows: for 
a,b G N<‘^, a< 6 ifa = 0or6 = (ni, ..,nj) G with j G N and a = (ni, ..,nfc) with 
k < j. For a,b G we say that 6 is a successor of a, or that a is the predecessor of 

6 if a < 6 and | 6 | = |a| -|- 1. If a = (ni,.., n^) and b = (mi, we denote by a^b the 

sequence (ni,.., n^, mi,.., mj) (and a'^b = 6 if a = 0, a^b = a if 6 = 0). For a G 
and S a subset of N^'^, denotes the set {a"*' 6 , b G S}. 

A subset T of is a tree on N if for any a in T and any b in such that 
b < a, we have that b G T. A subset B of a tree T is a branch of T if it is a 
maximal totally ordered subset of T. For any tree T on N, its derivative is T' = = 

{s G T : s"^{n) G T for some n G N}. Then T“ is dehned inductively for a ordinal as 
follows: = (T“)' and T“ = n/ 3 <Q if a is a limit ordinal. A tree T is said to 

be well founded if there exists an ordinal a such that T" = 0, or equivalently if all its 
branches are hnite. If T is a well founded tree on N, then its height is the inhmum 
of all a so that T" = 0 and is denoted o(T). Note that the height of a non empty 
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well founded tree on N is always a countable successor ordinal and that T" = {0} if 

o(r) = a + 1 . 

We are now ready to define our families of trees on N. 

Definition 5.3. For each ordinal a < cji we define a family of trees 7^ as follows. We 
set To := {{0}}- Let now a be a countable ordinal such that a > 1 . 

If a = /3 + 1 is a successor ordinal we say that T € 7^ if there exists an increasing 
sequence {nk)^=o hi N and a sequence (7fc)^Q in 7^ such that 

OO 

r = {0}U lJ(nfc)-Tfe. 

/c=0 

If a is a limit ordinal we say that T € 7^ if there exists an increasing sequence (nfc)^g 
in N, an increasing sequence (afc)^o ™ “) such that Z' a and a sequence (Tfc)^g 

such that Tfc € 7 ^^, for all k and 

OO 

r = {0}U U^rTfe. 

k=0 

Remark 5.4. One can easily verify that for all a < uji, Ta is indeed a family of trees 
on N and that for all T € Ta, o{T) = a + 1. 

Definition 5.5. Let T ^Ta for some ordinal a < uji. Note that for s G T^, there exists 
an increasing sequence in N that we denote such that the set of successors of 

s in T is k G N}. Note also that, if s G for some /3 G [l,a), then there 

exists fco G N such that G T^, for all k > kQ. 

Then, we say that a family {x*)seT C X* is weak*-continuous if as 

A; — )■ cx) for all s G T^. We say that it is e-separated if llx* — x* / s', || > e for all s G 
and all fc G N. 

Our first lemma follows from (15.41) and the classical characterization of the Szlenk 
index in the separable case (see Lemma 3.4 in [TO] for a non-separable version). 

Lemma 5.6. Let X he a separable Banach space, K a weak*-compact subset of X*, 
e > 0 and a < uji. 

(i) If X* G [cr]"(iL), then for any p < j there is T ^ Ta and a family {xI)s£T C K 
which is weak*-continuous and p-separated, such that x^ = x*. 

(ii) If there exists T £ Ta and a family {xl)seT C K which is weak*-continuous and 
e-separated, then x"^ G \a\f:{K). 

Proof, (i) Let x* G [a\f:{K). By (15.4h . we have that x* G sfi^iK). Then it is easy to 
show by transfinite induction on a < wi that if x* G sf{K) for some d > 0, then for 
any p < f there Is T £ Ta and a family {x*g)s^T C K which is weak*-continuous and 
p-separated, such that x'^ = x*. 

(ii) One can prove by induction on (I < a that if s G T^, then x* G [cj]e(iL). 
Alternatively, (ii) can also be proved directly by a transfinite induction on a. □ 


14 


G. LANCIEN*, A. PROCHAZKAO, AND M. RAJA* 


We need the following property of weak*-continuous separated trees in X*. 

Lemma 5.7. Let X be a separable Banach space, a < loi and T G Ta- Assume that 
{x*)s£T is a weak*-continuous and e-separated family in X* and that K is a weak*- 
compact subset of X* such that, for some 0<a<b<oowe have: 

Vs € T 3As G [a, b] A,x* G K. 

Then there exists A G [a, 6] such that Ax^ G [a]%{K) and for any n > 0 there exists 
S C T so that S £Ta and [A^ — X\ < n for all s £ S. 

Proof. The proof is a transfinite induction on a < a;i. The statement is clearly true 
for a = 0. So let us assume that it is satisfied for all j3 < a. 

Assume first that a is a limit ordinal. Then T = {0} U where G Ta^, 

for each A: G N, with oo and ^ a. By our induction hypothesis, for all A: G N, 

there exists A^ G [a,b] such that X^x*^^^ G [o']af{K) and for any n > 0 there exists 
Sk C Tfc so that Sk G Ta^. and for all s G 5^, |As — Afc| < By taking a subsequence, 
we may assume that A^ ^ A G [a, b] and for all A:, |A — Afc| < Then Ax 0 . 

Since the sets [c’']“|(Ar) are weak*-closed, we get that Ax^ belongs to their intersection 
and therefore to [a]f^{K). Moreover, S = {0}U|J^Q(nfc)"^S'A: is a subset of T belonging 
to Ta such that for all s G S', |A — A^j < 

Assume now that a = jd -\-l. Then T = {0} U where T £ Tp for each 

A: G N. By our induction hypothesis, for all A: G N, there exists A^ G [a, b] such that 
AfcX*^^) G [a]te{K) and for any u > 0 there exists Sk C Tk so that Sk £Tp and for all 
s £ Sk, \X — Xs\ < By taking a subsequence, we may assume that A^ —> A G [a,b] 
and for all k, \X — Afc| < Then AfcX^^^^ Axg and liminffc ||Aa:X*^^^ — AxglI > ae. 

Therefore Ax^ G [cj]a^^(A') = [a]fs{K). We also have that S = {0} U [j^=f){nk)^Sk is 
a subset of T belonging to Ta such that for all s £ S, |A — A^l < n. This finishes our 
induction. □ 

We now deduce the following. 

Proposition 5.8. Let X be a separable Banach space and A be a weak*-compact subset 
of X* such that [a‘^ ]™(^) = 0 for some integers n > 0 and m > 1. Then there is a 
symmetric radial weak*-compact set B containing A and such that 

[a‘^"]L{B) c(l -- -]b. 

'■ ^ V 32(m + l)/ 

Proof. Considering —AuA instead of A and we may assume, without loss of generality, 
that A is symmetric. Fix r G (0,1) such that 3{r + r‘^) > 4 (for instance r = 7/8). Now 
define the sets 

Bk = {Ax* : X* G U rA, A G [0,1]} 

for k = 0,..., m. The sets Bk are clearly symmetric and radial. Using the weak*- 
compactness of rA and [a‘^'^]^{A) it is not difficult to see that they are also weak*- 
compact. Therefore, we can define the Minkowski functional fk of Bk which is weak* 
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lower semi-continuous. Notice that fk < fk+i and fm = 'f ^/o- We now define 

m 


n^‘) = ^/oL-) + 


[X 


k=0 


Clearly / < /o and so A (Z B where B = {f < 1}. By construction, B is symmetric 
and radial. It is also bounded. Then it follows from the weak* lower semi-continuity 
of / that B is weak*-compact. 

Take now x* G [a‘^'^]j^{B) and assume as we may that /(x*) > i. By Lemma f2.7l 
and Lemma (5^ there exist T G and (x*)sGr a weak*-continuous and |e-separated 
family in B such that Xg = x*. Fix > 0. First, it follows from the weak* lower semi¬ 
continuity of / and the f^s that we may assume, by considering a subtree of T belonging 
to that for all s gT, /(x*) > ^ and for all s G T and all k, fk{xl) > fk{x*) — v. 
On the other hand, for all j,k < m, fj > fo > rf^. It follows that for all k < m, 
f > ^-^fk and therefore for all y* G B, fk{y*) < Then, we have that 

Vs G T MkG {0,..., m} : ^ < fk{x*)~^ := A| < 2. 

Notice that {A^x* : s G T} is included in U rA. Then it follows from Lemma 

O that for any A: = 0,...,m — 1, there exists A^ > such that 

AfcX* G [C 7 ]f UrA) C UrA) C [a^^]^+\A) IZ rA. 

The last inclusion follows from the fact that is a measure of non-compactness 
(Lemma l2.6p and the stability of the associated fragment derivation under finite unions. 

Still by Lemma ISTTl we can find S <Z T such that S G %jn and |(A^)“^ — A^^| < v 
for all s G S' and all A: < m — I. Now since A^x* G Bk+i, we obtain 

fk+i{x*) < < (A|)"^ + iy = fk{x*) + u 


for any A; = 0,..., m — 1 and any s G S. We infer that for all s G S' 


/{x ) < ^Mx,) + 2 + 2(m + 1) ^ * 2(in. + 1) 


T.M 

k=l 


- 2{m + l) 




A:=0 


2{m + 1) 


{h{x*s) - /m(x*)) 


= /(^s) “ ZT7ZrVA\{- - '^)fm{x*s) + 


u{r -|- 1) . _ 1 — r 


< 1 - 


+ 


v{r + 1) 
2 

v{r + 1 ) 


2{m + l)^r ^ 2 - A{m +1) ' 2 

Since v' > 0 was arbitrary, we obtain that /(x*) < 1 — Applying this last 

inequality with r = | as we may, we conclude our proof. □ 


We now state and prove the main result of this section. 


Theorem 5.9. Let X be a separable Banach space and a be the Kuratowski measure 
of non-compactness on X*. Then, for any n in N, is convexifiable. 
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Proof. We can proceed by induction. The claim is true for re = 0. Indeed, it is easily 
checked that if a weak*-compact subset A of X* can be covered by finitely many balls 
of diameter at most e, then for any (5 > 0, conv*(A) can be covered by finitely many 
balls of diameter (1 + 5)s. 

Assume now that is convexifiable. Denote Kn the convexifiability constant of cr^ . 
Let A be a weak*-compact subset of X* such that < e. Then = 0 

for some rre € N. Combining Propositions 15.81 and 18.41 gives that [a‘^ ]g^ ^(conv*{A)) C 
)8 k„£ (conv* {A )) = 0. Therefore (comJ*(A)) < Sre^e. □ 

Remark 5.10. Notice that the constant of convexifiability increases in each step of the 
induction. It follows from our proof that < 2 • 8"’. We do not know if this method 
can be adapted beyond uj‘^. 

We can now compare the Szlenk index and the convex Szlenk index. 

Corollary 5.11. Let X be a separable Banach space. 

(1) If K is a weak*-compact convex subset of X* such that Sz{K) < for some 
non negative integer n, then Cz{K) = Sz{K). 

(2) Cz(X) = Sz(X). 

Proof. (1) Note first that it follows from Proposition 15.81 Theorem 15.91 and Proposition 
m that satisfies the assumptions of Proposition 14. Ill with 6 = 

Assume now that iL is a weak*-compact convex subset of X* such that Sz{K) < 

By Lemma 15.21 it is enough to show that Cz{K) < It follows from Lemma 12.71 

that for any e > 0, = 0. Pick now > 8re„,...,Ao > Skq- By our initial 

remark, we obtain that for any e > 0, = 0. Then applying Proposition 

14.111 to ^,■■■, 0 ' successively implies that for any e > 0, = 0, with 

a = Xo..\n. We have proved that Kz{K) < or equivalently that Cz{K) < 

(2) We may assume that Sz{X) < oo and, by Lemma [52] it is enough to show that 
Cz{X) = a;“ whenever Sz{X) = a;“, with a countable ordinal. 

Assume first that a > u. We need to introduce a new derivation. For a weak*- 
compact convex subset K of X* and e > 0, we define d'^{K) to be the set of all x* € iL 
such that for any weak*-open halfspace H of X* containing x*, the diameter oi KCiH 
is at least e. Then dIf{K) is defined inductively for a ordinal as usual, Dz{K,e) = 
inf{a, d°{K) = 0} if it exists (and = oo otherwise) and Dz{K) = sup^^Q Dz{K,£). 
Finally Dz{X) := Dz{Bx*). 

It is clear that for any weak*-compact convex subset K of X* and any e > 0, s'^{K) C 
d'^{K). Since d'^{K) is weak*-compact and convex, we have that the weak*-closed 
convex hull of s'i,{K) is included in d'^{K). Then an easy induction combined with (15.4h 
yields that Cz{K) < Dz{K). 

We now need to recall an important recent result of P. Hajek and T. Schlumprecht who 
proved in [7] that if Sz{X) = a;" with a € then Sz{X) = Dz{X). Since we 

always have Sz{X) < Cz{X) < Dz{X), it follows that Cz{X) = Sz{X), whenever X 
is Banach space such that Sz{X) = a;“ with a € 

Assume now that Sz{X) = with re € N. By applying (1) to K = Bx*, we get 
that Sz{X) = Cz{X). □ 
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Remark 5.12. Let us emphasize again the fact that the equality of the Szlenk index 
and the convex Szlenk index of a Banach space is a direct consequence of the work of 
Hajek and Schlumprecht, except for spaces with Szlenk index w” with n finite. The 
main result of this section fills this gap. 

It is worth mentioning that Hajek and Schlumprecht also proved in [7] that if 
Sz{X) = w”' with n finite, then Dz{X) < and that this result is optimal (see [6]). 

Our comparison extends to the non-separable setting as follows. 

Corollary 5.13. Let X be a Banach space such that Sz{X) < oji, where wi is the first 
uncountable ordinal. Then Cz{X) = Sz{X). 

Proof. Let a = Sz{X) < uji. Then for any separable subspace Y of X, Sz{Y) < a. 
Thus, Corollarv IS.lll ensures that for any separable subspace Y of X, CziY) = SziY) < 
a. Then, since a is countable, it follows from the techniques developed in [TO] to 
show the separable determination of such indices (see Propositions 3.1 and 3.2) that 
Cz{X) < a = Sz{X), which concludes the proof. □ 

6. Renorming spaces and Szlenk index 

The aim of this section is to generalize the following theorem due to Knaust, Odell 
and Schlumprecht [ 8 | (see [4] for quantitative improvements and m for the extension 
to the non-separable case). 

Theorem 6.1. Let X be a separable Banach space such that Sz{X) < w. Then X 
admits an equivalent norm, whose dual norm satisfies the following property: for any 
e > 0 there exists d > 0 such that [cr]'(Rx*) C (1 — S)Bx*. 

Note, that an easy homogeneity argument shows that the converse of this statement 
is clearly true. A dual norm satisfying the conclusion of the above theorem is said 
to be weak* uniformly Kadets-Klee (in short UKK*). We now introduce the following 
analogous definition. 

Definition 6.2. Let X be a Banach space and a G [0,t(Ji) an ordinal. The dual norm 
on X* is Lo^-weak* uniformly Kadets-Klee (in short a;"-UKK*) if for any e > 0 there 
exists (5 > 0 such that {Bx*) C (1 — 5)Bx*. 

Our main renorming result is the following. 

Theorem 6.3. Let X be a separable Banach space. Then Sz{X) < if and only 

if X admits an equivalent norm whose dual norm is uj^-UKK*. 

It is clear that a Banach space X with a dual a;"-UKK* norm satisfies Sz{X) < 

So we shall concentrate on the other implication. Before our proof we need a few 
technical lemmas and definitions. 

Lemma 6.4. Let t) < a < oji, Q < 2a < b and T G Ta- Assume that A C B C X* 
are two weak*-compact sets and that {x*)seT C B is a b-separated, weak*-continuous 
family such that dist(x*, A) < a for all s gT. Then there exists S G Ta, S CT and a 
weak*-continuous and {b — 2a)-separated family (y*)s 6 s C A such that ||x| — y||| < a. 
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Proof. The proof goes by induction on a. The claim is clear when a = 0 so let us 
assume that we have proved our assertion for every (3 < a. Then, there is a sequence 
(ak) of ordinals in [l,a) (with ^ a if a is a limit ordinal, + 1 = a if a is a 
successor ordinal), and a sequence (n^) in N such that 

r = {0}U U {(nfc)-s:s€rfc}, 

fceN 

where G Ta^. for all A: G N. It follows from our induction hypothesis, that for each 
A; G N there exist a tree Sk G Ta^, d T^, and a weak*-continuous and {h — 2a)- 
separated family that we denote C A such that the roots of these 

families satisfy Wy*^^) ~ ^(ns,)ll — passing to a subsequence, we may assume that 

the roots of these families are such that —>■ y|- Then \\y^ “ 3 :||| < a and 

“ ^0^1 >b-2a. Finally, the tree 

5 = {0} U IJ |(nfc)"'s : s G S'fcj , 
fceN 

belongs to Ta and {y*)s£S satisfies the desired properties. □ 

We shall now define inductively the class Ca{T) of “converging” real valued functions 
on a given tree T \n.Ta and their “limit” along T. 

Definition 6.5. For T ^ To and r : T —>■ R we put lim^r := limsg 7 ’r(s) := r(0). We 
define To(T) = R^. Let now a G [l,wi) and assume that the class Cp{T) has been 
defined for all /3 < a and all T G 7^. Assume also that for all T G 7^ and all r G CjsiT), 
limsgr Vs has been dehned. Consider now T ^ Ta and r : T —>■ R. Then 

T = mu\j{nk)'^n 

with Ofc a if q: is a limit ordinal, Ofc + 1 = a if a is a successor ordinal and for 
all A; G N, Tfc G Ta,^- We say that r G Ca{T) if for all A; G N, r ^akiT) and 

limfc_^oo limsg-Tj, r(s) exists. Then we set lim^ r := limsg-r r(s) := limfc_>,oo limsg^j, r(s) 

Observe that the existence and the value of lim^r depends only on r The 

following observations rely on straightforward transhnite inductions similar to the one 
used in the proof of Lemma 15.71 

Lemma 6.6. Let a G [0,cui), T & Ta and r : T —>■ R. 

(i) Assume that r G Ca{T) and that S C T with S G Ta- Then r (gG Ca{S) and 
lim^ r = lim^ r. 

(ii) Assume that r : T ^ W is bounded. Then there exists S C T such that S € Ta 
and r \s& Ta{S). 

(Hi) Assume that r G Ca{T). Then for each e > 0 there exists S C T such that 

S € Ta and for all s £ S \ , we have |r(s) — lim^rl < e. 

We can now proceed with the proof of Theorem 16.31 We will adapt to this new 
situation a construction of uniformly convex norms given in [9]. 
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Proof of Theorew AB.Si So let us assume that Sz{X) < Then we get from Corol¬ 
lary (5?^ that Cz{X) < Fix /c G N. We define inductively for n G N: 

Al := Bx: A”+‘ := conv-{H“L{/i;)). 

The fact that Cz{X) < implies that for all A: G N, there exists n G N such that 

= 0. Then denote := min{n G N : = 0} — 1. We define 

oo ^ Nk 

fix*) = ||x*|| +^^^^dist(x*,A^). 

k=l ^ n=l 

It is easily checked that the sets A^ are symmetric and convex. We define | | on X* to 
be the Minkowski functional of the set C = {f < 1}. Since ||x*|| < fix*) < 2||x*||, we 
have that | | is an equivalent norm on X* satisfying ||a:*|| < |x*| < 2||x*||. Moreover, 
the sets A'f. are weak*-closed. Therefore / is weak* lower semi-continuous and | | is the 
dual norm of an equivalent norm on X, still denoted | |. 

Let now e > 0 and x* G (i?| |) (the distances and diameters are meant with the 
original norm || ||). Then there exist T G %ja and ix*)s£T C | weak*-continuous 
and |-separated such that x^ = x*. For A; G N and I < Nf^, we define r(, : T —>■ M by 
r[is) := dist(x*,A(.). 

Let A: > 1 such that | < 2 “^ < f, ^ = and ko > k such that Yl’S^ko 

By passing to a subtree, we may assume, using Lemma 16.61 that for all i < k^ and 

all I < Ni, r\ G C^j^iT). So, for each i < ko and 1 < / < W we denote d\ := 

limdist(x*, ^•). Then by using Lemma [GT] (hi) and passing to a further subtree, we 
seT 

may assume that for each i < ko and each 1 < / < W we have |d(x*, Ai)-d[\ < 

2'=iVi, 

for all s G T \ T^. By the weak* lower semi-continuity of the distance functions this 
implies that dixl,A[) < -|- 2 ^^ for all s G T. Note also that we have dix*,A[) < d\. 

Let now 7 = ^ = 4^. 

Claim 6.7. There exists / G {1,..., N^} such that dist(x*, — 7 . 

Proof of Claim \671\ Otherwise for all I G {!,... ,Nk} we have dist(x*, — 7 . 

Then we will show by induction that for all I < Nk, d^ < 7 / -|- ■^(^ — 1). 

For / = 1 we have that x* G s‘ffkiB^ \) (Z A\. Therefore d\ < 7 . 

If 4 < 7 ^ + ^(/ — 1 ) has been proved for I < Nj. — 1, we can use Lemma 16.41 with the 
following values A = A\, B = B\ |, a = d^^ 6 = | and replacing a with 0 ;“. Notice 

that a = d(.-|-^ < i'y + f,)l < | = So there exists S G TI;^ and iy*)s£S in A^j^ which is 
weak*-continuous, (| — 2 |)-separated so that its root y* satisfies \\y* — x*|| < dj. < 
(7 -|- f,)h Note that y* G It follows that d^"^^ — 7 < dist(x*, A^'j^^) < (7 -|- f^)l and 

therefore < 7 (Z -|- 1 ) -|- 

Now applying Lemma 16.41 with A = A^'", B = B\ a = N^i'j + f,) < |,6 = | 
and replacing a with w", we produce a weak*-continuous (| — 2 |)-separated tree of 
height in A^^ which implies that [a \f-ki^^^) / 0- This contradiction proves our 
claim. □ 
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We now conclude the proof of Theorem 16.31 Take any s € T \T^. We recall 
that dist(x*, > d*- — 3 ^^ for all 1 < j < ko and 1 < / < A^j. With another 
application of Lemma 16.61 we may also assume that for all s G T \ we have that 


||x*|| > limteT Ik*II - 2 ^ . We now have by our choice of /cq, ^ and 7 , by Claim [6771 
and the weak* lower semi-continuity of all involved terms, that for all s G T \ 


Ni 


fix* 


= \\x 


+ 


kQ — l 
j=\ J n=l 


- ^ dist(x* 


3 


00 - 

j=kQ n=l 


dist(x*, A”) 


< lim 


X, 


+ - 


7 


2 ^W 


+ 


1 


Ni 


ko — l 

^ 2 i W 

■ ' ^ n=l 




+ 




kr* _1_ _ 

- I|a^sll + 


+ - 


2 ^W 


i=i 

ko—l 

■ + E 




Ni 


23 N. — 

j=\ n=l 


-^(dist(xk^") + 




+ 


2^Nk 


< fix:) - 


2 ^W 


< 1 - 


2^64iV| 


< 1 - 


29iV2 ■ 


We have shown that for any e > 0 there exists 5(e) > 0 such that fix*) < 1 — 5(e), 
whenever x* G (i?| |). Note now that / is 2-Lipschitz for || ||x* and that | C Bx*- 

So, for any x* G s‘^°‘ {B^ |) and any t G [1,1 -|- we have that 

/(te*)</(x*) + 2 (t-l)<l. 

Therefore 

" 1 * 1 ^ 

\x < 


Vx* G s- iB\ 1 ) 


1 


1 _i_ ^' 


This proves that | | is a a;“-UKK* norm. 


□ 


Remark 6.8. As we have already mentioned, the Szlenk index of a separable Banach 
space X is either 00 (exactly when X* is non-separable) or of the form SziX) = a;“ 
with a < wi. If a < (Ui is a successor ordinal, it is known since m that there exists 
a countable compact metric space K such that SziCiK)) = a;“. Let us now mention 
the complete description of the possible values of the Szlenk index recently obtained by 
R. Causey m, Theorem 1.4). The set of all a < cui such that there exists a separable 
Banach space X satisfying SziX) = a;“ is exactly: 

[ 0 ,a;i] \ ^ < oji and ^ is a limit ordinal}. 

The case SziX) = w" with a < ui limit ordinal is not covered by our renorming 
theorem. There is a good reason for this. Indeed, in that case, for any (3 < w", fi.uj < 
cj". Then the usual homogeneity argument makes it impossible to have SeiBx*) C 
(1 — 6)Bx* for some 5 > 0 . 
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